Dec 23, 2016, 18:30 (Duration: 110 min)

MATH 101/1001 Calculus | Midterm-2

Name Surname: Signature:
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In solving the following problems, you are required to show all your work and provide
the necessary explanations everywhere to get full credit.

Problem 1: [20 pts] Determine the dimensions (h and w) of the rectangle of largest area that
can be inscribed in the right triangle shown in the figure. How do you know that the h and w
values you find give the largest area and not the smallest area?
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SOLUTION:

Let(x, ¥) = ( X, %,\' ) be the coordinates of the corner that intersects the line. Then base = 3 — x and height
=y= %.\'. thus the area of the rectangle is given by 4 = (3—-x) (%JJ =4x- %x‘ 0=x<3.4"=4 —%x. A'=0

=x=3.4"= —% = 4" (%J < 0 = local maximum at the critical point. The base =3 —% = % and the height
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Problem 2: [10 pts] Find the linearization L(x) at x =-1 of

x2

gx) =3+ j sec(t — 1) dt

1

SOLUTION:

e(x)=3+ |1Jk sec(f—1) df = g'(x) = (see(x? —1))(2x) = 2x sec(x? —1) = g'(=1) = 2(=1) sec ((-1)2 1) = —2:

- (-1 -1
g(—1}=3+J1( )sec{r—l}dr=3+J1sec(f—l)dr‘=3+0=3:

Lx)==2(x—(-1)D+g(-D=-2(x+1)+3=-2x+1




Problem 3: [20 pts] Evaluate the following integrals:

T sinx 3%
a) fo mdx b) [ e3*sin2xdx

T sinx
b) fO v2+cosx
Solution: a) Letting 2 + cosx = u , du = —sinxdx. Then integral becomes [ — j—; =

—2u'/2 = (—2\/2 + cosx)(O, m) =2v3 -2

b) [ e3*sin2xdx

3x
Solution: Let u = sin2x , dv = e3*dx. Then du = 2cos2xdx, V = =

By integration by parts formula, given integral I will be equal to

e3x . e3x €3x . 2 3x
I =—=-sin2x — [ = 2cos2xdx 5 sin2x — [gf e costdx].

3
By integration by parts again,
3x 2
I = Tstx + — 9 e3*cos2x — —j e3*sin2xdx
9 [e3x 2 3x
Then, I = = TSLTLZX + g€ cos2x| +c

Problem 4: [20 pts] Let f(x) = x* — 5x2 + 6.

a) Find the intervals on which fis increasing or decreasing. Find all local extrema for f.

f'(x) = 2x(—=5 + 2x?). f is increasing on [—\/;, and [I ), f is

decreasing on [—o0, — \E) and [0, \E]

f< 5) =f<— E) = —i is a local minimum. f(0) =6 is a local

maximum.



b) Find the intervals on which fis concave up or down. Find all inflection points for f.

f'(x) =2(-5+6x?%). f is concave up on [—00,\/5] and [\E,OO), fis

5 |5 . . 5 5
concave up on [— \/;, \/;] . Inflection points are x = — \/; and x = \/;.

c¢) Sketch the graph of f using parts (a) and (b).

Problem 5: [10 pts] Lety = (1/x)"*. Find Z—z.

Using logarithmic differentiation, Iny = InxIn(1/x) = —(Inx)%. Hence Z—z =

y(—2Inx i)z —2(1/x)"*+ 1 n x.

Problem 6: [20 pts] Find the volume of the solid generated by revolving the region bounded
by the curves x2 = 4y and y = %x about the y-axis.

Solution:

The curves x> =4y and y = %x intersect at (0,0) and (2,1).

Using the circular ring formula and integrating along the y-axis:

v=lm [(‘/4_3’)2 - (23’)2] dy = [, (4y — 4y?)dy = n(Zy2 - §y3)| =7
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